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Abstract
The necessary conditions for existence of a triplewhist tournament TWh(v) are v ≡ 0,1 (mod 4). By
the efforts of many authors through a century, these conditions are shown to be sufficient except for
v = 5,9,12,13 and possibly for v = 17. A triplewhist tournament Wh(v) is said to have the three per-
son property if any two games in the tournament do not have three common players. We briefly denote such
a design as a 3PTWh(v). In this paper, we extend the known existence result for TWh(v)s and show that the
necessary conditions for existence of a 3PTWh(v), namely, v  8 and v ≡ 0,1 (mod 4), are also sufficient
except for v = 9,12,13 and possibly for v = 17.
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1. Introduction
A whist tournament Wh(v) for v = 4n (or 4n+1) is a schedule of games (a, b, c, d) where the
unordered pairs {a, c}, {b, d} are called partners, the pairs {a,b}, {c,d}, {a,d}, {b, c} are called
opponents, such that
(1) the games are arranged into 4n − 1 (or 4n + 1) rounds, each of n games;
(2) each player plays in exactly one game in each round(or all rounds but one);
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(4) each player opposes every other player exactly twice.
The whist tournament problem was introduced by Moore [25]. Its existence attracted a lot of
researchers such as Wilson, Baker, Hartman et al. A complete solution is given in [4,6]. A whist
tournament is said to have three person property, denoted by 3PWh(v) as in [11], if any two
games do not have three common players. It was Hartman who first discussed this property
in [22]. If we regard games in a 3PWh(v) as blocks, we obtain a super-simple (v,4,3)-BIBD
(we call it a sub-design of the 3PWh(v)). This kind of design was introduced and studied by
Gronau and Mullin [20] and also studied by Chen [8]. Such designs with resolvable property
were investigated by Ge and Lam [17]. For the existence of 3PWh(v)s, Finizio [11–13] obtained
several infinite classes and some examples. In [5], Anderson and Finizio gave an asymptotic
result. Subsequently, a complete solution was obtained in papers by Lu and Zhang [23] and Ge
and Lam [18]. More formally, we state their results in the following theorem.
Theorem 1.1. (See [18,23].) The necessary conditions for the existence of a 3PWh(v), namely,
v ≡ 0,1 (mod 4) and v  8, are also sufficient with one definite exception for v = 12.
We may think of (a, b, c, d) as the cyclic order of the four players sitting round a table. We
refer to the pairs {a, b} and {c, d} as pairs of opponents of the first kind, and the pairs {a, d} and
{b, c} as pairs of opponents of the second kind. We also refer to b as the left-hand opponent of
a and as the right-hand opponent of c, and similar definitions apply to each of a, b, c, d . These
relationships are the obvious ones associated with the players seated at a table with a at the North
position, b at the East position, c at the South position and d at the West position. A triplewhist
tournament TWh(v) is a Wh(v) in which each player is an opponent of the first (respectively,
second) kind exactly once with every other player. A directedwhist tournament DWh(v) is a
Wh(v) in which each player is a left (respectively, right) hand opponent of every other player
exactly once. An ordered whist tournament OWh(v) is a Wh(v) in which each opponent must be
played once when playing North–South, and once when playing East–West.
The triplewhist tournament problem was introduced by Moore [25] in 1896. For a long time
there was no progress until Baker [6] proved in 1975 that a TWh(v) exists for v = 4,8,16,24 and
for all large v, v ≡ 1 (mod 4) and v ≡ 0,4,12 (mod 16). In 1997, much progress was made by Lu
and Zhu in [24]. It is proved that the necessary condition for the existence of a TWh(v), namely
v ≡ 0,1 (mod 4), is also sufficient with 2 definite exceptions, namely v = 5,9, as well as 15 pos-
sible exceptions, namely, v ∈ {12,56} ∪ {13,17,45,57,65,69,77,85,93,117,129,133,153}.
Subsequently, an almost complete solution was obtained in papers by Ge and Zhu in [19], Ge
and Lam [16], and Abel and Ge [2]. More formally, we state their results in the following theo-
rem.
Theorem 1.2. (See [2,16,19,24].) The necessary conditions for existence of a TWh(v), namely,
v ≡ 0,1 (mod 4) are also sufficient except for v = 5,9,12,13 and possibly for v = 17.
Ever since the existence of whist tournaments was completely settled, the focus has turned
to whist tournaments with additional properties. Such special whist tournaments include at least
triplewhist tournaments, directedwhist tournaments [6], ordered whist tournaments [1], and whist
tournaments with the three-person property [11]. As more and more results have been obtained,
the attention has turned to whist tournaments that satisfy more than one of the above mentioned
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earlier in [12] relates to the existence of Z-cyclic whist tournaments. A Wh(v) is said to be Z-
cyclic if the players are elements in Zv when v ≡ 1 (mod 4) and in Zv−1 ∪ {∞} when v ≡
0 (mod 4), and the rounds of the tournament are arranged so that each round is obtained from
the previous round by adding 1 (mod m) where m = v − 1 if v ≡ 0 (mod 4) and m = v if
v ≡ 1 (mod 4). An interesting feature of a Z-cyclic whist tournament is that the entire tournament
can be described by what is usually referred to as the initial round of the tournament.
In this paper, the main focus of our attention will be on the existence of a TWh(v) with the
three person property, briefly denoted by 3PTWh(v). Basic necessary conditions for the existence
of a 3PTWh(v) are v  8 and v ≡ 0,1 (mod 4). We shall extend the above existence result for
TWh(v)s and show that the necessary conditions for existence of a 3PTWh(v) are also sufficient
except for v = 9,12,13 and possibly for v = 17. In addition, many of our 3PTWh(v)s are Z-
cyclic. For general information on whist tournaments see the survey paper of Anderson [3]. We
use [7] as our standard reference on design theory.
2. Recursive constructions
To describe our recursive constructions, we need the following auxiliary designs.
Suppose S is a set of players, and H = {S1, S2, . . . , Sn} is a set of subsets (called holes),
which form a partition of S. Let si = |Si | and s = |S|. A holey round with hole Si is a set of
games (a, b, c, d) which partition the set S \ Si . A whist tournament frame with three person
property (briefly 3PWh-frame) of type {s1, s2, . . . , sn} is a schedule of games (a, b, c, d), where
the unordered pairs {a, c}, {b, d} are called partners, pairs {a, b}, {c, d}, {a, d}, {b, c} are called
opponents, such that
(1) the games are arranged into s holey rounds; for each i there are si holey rounds with hole Si ,
each containing (s − si)/4 games;
(2) each player in hole Si plays in exactly one game in each of s − si holey rounds;
(3) each player partners every other player in distinct holes exactly once;
(4) each player opposes every other player in distinct holes exactly twice;
(5) any two games have at most two players in common.
A 3PWh-frame of type {s1, s2, . . . , sn} will be called a a triplewhist tournament frame of the
same type, briefly 3PTWh-frame if each player is an opponent of the first (respectively, second)
kind exactly once with every other player in distinct holes.
We shall use an “exponential” notation to describe types: so type tu11 · · · tumm denotes ui occur-
rences of ti , 1 i m, in the multiset {s1, s2, . . . , sn}. It is easy to see that a 3PTWh-frame(1v)
with v ≡ 1 (mod 4) is just a 3PTWh(v).
Most of the 3PTWh-frames used in this paper come from the following construction
stated in [23], which is an analogous one of Baker to construct TWh(4n)s from certain
SOLSSOM(n)s in [6]. Here we start from the structure named HSOLSSOM(hn). For the de-
finition of HSOLSSOM(hn), the interested reader may refer to [15].
Theorem 2.1. (See [23, Theorem 2.5].) If there exists an HSOLSSOM(hn), then there exists a
3PTWh-frame((4h)n).
For the existence of HSOLSSOMs of type hn, we have the following known results.
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in addition if h is odd, n must be odd. These necessary conditions are also sufficient except
possibly for (h,n) ∈ {(6,12), (6,18)}.
The following result is useful for recursion.
Lemma 2.3. There exists a 3PTWh-frame of type 4n for each n ∈ {5,6,7,8,9,10,11,12,13}.
Proof. For n = 5,7,9,11,13, starting from an HSOLSSOM(1n) coming from Theorem 2.2 and
applying Theorem 2.1, we obtain the designs as required. For n = 6, the design comes from [23,
Lemma 2.4]. For the other cases, let the player set be Z4n and let the hole set be {{j, j + n,
j + 2n, j + 3n}: j = 0,1, . . . , n − 1}. Below are the required base games.
48: (6,3,15,9), (23,12,11,2), (17,21,31,4), (10,30,5,19), (18,25,20,22),
(13,28,26,27), (1,14,29,7).
410: (6,12,8,39), (38,37,34,15), (33,35,36,21), (32,9,1,17), (29,3,14,27),
(4,22,16,23), (2,5,31,26), (11,19,28,24), (18,7,25,13).
412: (16,20,38,1), (43,13,40,30), (9,28,11,37), (39,45,34,35), (22,29,23,14),
(15,10,8,6), (21,5,46,26), (32,19,18,3), (31,4,42,17), (33,25,41,7),
(2,47,44,27). 
A pairwise balanced design (PBD) is a pair (X,A) such that X is a set of elements (called
points), and A is a set of subsets (called blocks) of X, each of cardinality at least two, such that
every unordered pair of points is contained in a unique block in A. If v is a positive integer and K
is a set of positive integers, each of which is not less than 2, then we say that (X,A) is a (v,K)-
PBD if |X| = v, and |A| ∈ K for every A ∈ A. The integer v is called the order of the PBD.
Using this notation, a (v, {k})-PBD is just a BIBD with parameters (v, k,1). We shall denote by
B(K) the set of all integers v for which there exists a (v,K)-PBD. For convenience, we define
B(k1, k2, . . . , kr ) to be the set of all integers v such that there is a (v, {k1, k2, . . . , kr})-PBD.
A group divisible design (or GDD), is a triple (X,G,B) which satisfies the following proper-
ties:
1. G is a partition of a set X (of points ) into subsets called groups;
2. B is a set of subsets of X (called blocks) such that a group and a block contain at most one
common point;
3. Every pair of points from distinct groups occurs in exactly λ blocks.
The group type (or type) of the GDD is the multiset {|G|: G ∈ G}. As with 3PTWh-frames,
we shall use an “exponential” notation to describe group-type.
A GDD with block sizes from a positive integer set K is called a (K,λ)-GDD. When K={k},
we simply write k for K . When λ = 1, we simply write K-GDD for a (K,λ)-GDD. A pairwise
balanced design with parameters (v,K) is just a K-GDD of type 1v , and a (k, λ)-GDD with
group type 1v is a balanced incomplete block design, denoted by (v, k, λ)-BIBD.
A GDD or a BIBD is said to be resolvable if its blocks can be partitioned into parallel classes
each of which spans the set of points. We denote them by (K,λ)-RGDD or (v, k, λ)-RBIBD.
A transversal design (TD) TD(k, n) is a GDD of group type nk and block size k. A resolvable
TD(k, n) (denoted by RTD(k, n)) is equivalent to a TD(k+1, n). It is well known that a TD(k, n)
is equivalent to k − 2 mutually orthogonal Latin squares (MOLS) of order n. In this paper, we
mainly employ the following known results on TDs and PBDs.
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1. An RTD(4, n) exists for all n 4 except for n = 6 and possibly excepting n = 10.
2. A TD(7, n) exists for all n 7 except possibly for n ∈ {10,14,15,18,20,22,26,30,34,38,
46,60,62}.
3. A TD(q + 1, q) exists, where q is a prime power.
4. For all integers v > 185, there exists a (v, {6,7,8,9})-PBD.
Wilson’s fundamental construction on GDDs [26] can be adapted to obtain the following
construction for 3PTWh-frames.
Construction 2.5 (Weighting). Let (X,G,B) be a GDD with index unity, and let w :X → Z+ ∪
{0} be a weight function on X. Suppose that for each block B ∈ B, there exists a 3PTWh-frame
of type {w(x): x ∈ B}. Then there is a 3PTWh-frame of type {∑x∈G w(x): G ∈ G}.
Suppose S is a set of players, and G = {G1,G2, . . . ,Gn} is a set of equal sized subsets (called
groups), which form a partition of S. Let s = |S| and g = |Gi | for each i ∈ {1,2, . . . , n}. A group
divisible whist tournament with three person property (briefly 3PGDWh) of type gn is a schedule
of games (a, b, c, d), where the unordered pairs {a, c}, {b, d} are called partners, pairs {a, b},
{c, d}, {a, d}, {b, c} are called opponents, such that
(1) the games are arranged into g(n − 1) rounds, each containing gn/4 games;
(2) each player plays in exactly one game in each round;
(3) each player partners every other player in distinct groups exactly once;
(4) each player opposes every other player in distinct groups exactly twice;
(5) any two games have at most two players in common.
A 3PGDWh of type gn will be called a a group divisible triplewhist tournament of the same
type, briefly 3PGDTWh if each player is an opponent of the first (respectively, second) kind
exactly once with every other player in distinct groups. It is easy to see that a 3PGDTWh of type
1v with v ≡ 0 (mod 4) is just a 3PTWh(v).
Suppose V is a set of players with cardinality v being a multiple of 4, and H is a subset of V
(called the hole) with cardinality h being a multiple of 4. A holey round with the hole H is a set
of games (a, b, c, d) which partition the set V \ H . An incomplete whist tournament with three
person property (briefly 3PIWh(v,h)) is a schedule of games (a, b, c, d), where the unordered
pairs {a, c}, {b, d} are called partners, pairs {a, b}, {c, d}, {a, d}, {b, c} are called opponents,
such that
(1) the games are arranged into v − h rounds (each containing v/4 games), and h − 1 holey
rounds with the hole H (each containing (v − h)/4 games);
(2) each player plays in exactly one game in each round, and each player from V \H plays in
exactly one game in each holey round;
(3) each player not in H partners every other player once, and each player in H partners every
player not in H exactly once;
(4) each player not in H opposes every other player twice, and each player in H opposes every
player not in H exactly twice;
(5) any two games have at most two players in common.
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each player is an opponent of the first (respectively, second) kind exactly once with every other
player whenever these two players are not both in H . When H = ∅, a 3PITWh(v,h) is just a
3PTWh(v).
To obtain our main results, we shall use the following basic recursive constructions, which are
modifications of constructions for RGDDs and RBIBDs. Proofs for these can be found in [14].
Here, we just need to do the routine check for the three person property (see [13]).
Construction 2.6 (Breaking up groups). If there exist both a 3PGDTWh of type hu and a
3PTWh(h), then there exist both a 3PTWh(hu) and a 3PITWh(hu,h).
Construction 2.7 (Inflating 3PGDTWhs by RTDs). If there exist both a 3PGDTWh of type hu
and an RTD(4,m), then there exists a 3PGDTWh of type (mh)u.
Construction 2.8 (Frame constructions). Suppose there is a 3PTWh-frame with type T =
{ti : i = 1,2, . . . , n}. Suppose also that there exists a 3PTWh(1 + ti ) for i = 1,2, . . . , n. Then
there exists a 3PTWh(u) where u = 1 +∑ni=1 ti .
Construction 2.9 (Generalized frame constructions). Suppose there is a 3PTWh-frame with type
T = {ti : i = 1,2, . . . , n}. Let b > 0. If there exists a 3PITWh(ti + b, b) for i = 1,2, . . . , n − 1,
then there exists a 3PITWh(u+ b, tn + b) where u =∑ni=1 ti . Furthermore, if a 3PTWh(tn + b)
exists, then a 3PTWh(u + b) exists.
3. Direct constructions
The constructions used in this paper will combine both direct and recursive methods. For most
of our direct constructions, we adapt the familiar difference method, where a finite abelian group
is used to generate the set of blocks for a given design. That is, instead of listing all the blocks
of the design, we shall list a set of base blocks and generate the others by an additive group and
perhaps some further automorphisms. If G is the additive group under consideration, then we
shall adapt the following convention:
dev B = {B + g: B ∈ B and g ∈ G},
where B is the collection of base blocks of the design.
Lemma 3.1. There exists a Z-cyclic 3PTWh(v) for each v ∈ {21,25,33,45,57,65,69,77,81,
85,93,105,117,125,129}.
Proof. The player set is Zv and the following base games form an initial round. Developing this
round by +1 mod v gives the required design. Here, we only list the initial round for v = 21
below. For the other values of v, see Appendix A.
v = 21: (8,4,19,12), (13,16,6,11), (1,3,10,2), (15,14,9,18), (20,5,17,7). 
Lemma 3.2. There exists a Z-cyclic 3PTWh(49).
Proof. The player set is Z49 and multiplying the following base games with 1,18,30 gives an
initial round. Developing this round by +1 mod v gives the required design.
(8,4,24,12), (32,16,13,2), (21,28,30,15), (45,48,33,3). 
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Proof. Similarly to Lemma 3.2 we obtain the initial round by multiplying the following games
with 1,3,9,27,81.
(22,1,18,120), (21,12,14,103), (11,16,31,39), (29,76,10,100), (17,102,49,60),
(24,65,25,98). 
Lemma 3.4. There exists a Z-cyclic 3PTWh(133).
Proof. Similarly to Lemma 3.2 we obtain the initial round by multiplying the following games
with 1,11,121.
(64,119,91,40), (46,125,85,78), (12,20,21,124), (75,8,53,7), (16,92,58,36),
(114,80,111,19), (17,129,69,56), (115,32,99,67), (120,116,6,3), (5,47,18,2),
(28,59,10,11). 
Lemma 3.5. There exists a Z-cyclic 3PTWh(361).
Proof. Similarly to Lemma 3.2 we obtain the initial round by multiplying the following games
with 1,28,62,292,234,54,68,99,245.
(25,84,99,333), (241,146,217,224), (132,273,276,329), (4,253,223,284),
(101,287,82,159), (19,279,222,358), (21,29,121,321), (104,317,226,247),
(177,229,16,65), (215,332,40,322). 
Lemma 3.6. There exists a Z-cyclic 3PTWh(v) for each v ∈ {8,16,20,24,28,32,36,40,44,
48,52,56,60,68,84,132}.
Proof. The player set is Zv−1 ∪ {∞} and the following base games form an initial round. Devel-
oping this round by +1 mod v − 1 gives the required design. Here, we only list the initial round
for v = 8 below. For the other values of v, see Appendix B.
v = 8: (3,6,2,1), (0,5,4,∞). 
Lemma 3.7. There exists a 3PGDTWh of type 4n for each n ∈ {5,6,7,9}.
Proof. Let the player set be Z4(n−1)∪{∞1,∞2,∞3,∞4} and let the group set be {{j, j +(n−1),
j + 2(n − 1), j + 3(n − 1)}: j = 0,1, . . . , n − 2} ∪ {{∞1,∞2,∞3,∞4}}. The following base
games form an initial round. Developing this round by +1 mod 4(n − 1) gives the required
design.
n = 5: (6,11,13,0), (5,14,15,∞1), (10,12,7,∞2), (3,4,1,∞3), (8,2,9,∞4).
n = 6: (5,14,13,16), (15,3,19,17), (11,12,18,∞1), (7,0,8,∞2), (10,4,1,∞3),
(6,2,9,∞4).
n = 7: (8,12,16,23), (19,5,2,3), (6,11,10,1), (0,22,9,∞1), (4,17,7,∞2),
(15,18,20,∞3), (13,21,14,∞4).
n = 9: (17,27,18,7), (12,6,25,13), (31,14,8,11), (16,21,10,23), (3,28,30,0),
(15,24,29,∞1), (4,22,26,∞2), (2,1,19,∞3), (9,5,20,∞4). 
Lemma 3.8. There exists a 3PGDTWh of type 8n for each n ∈ {5,9}.
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. . . , j + 7(n− 1)}: j = 0,1, . . . , n− 2} ∪ {{∞1,∞2, . . . ,∞8}}. The following base games form
an initial round. Developing this round by +1 mod 8(n − 1) gives the required design.
n = 5: (23,30,16,25), (3,1,4,10), (7,6,17,∞1), (5,27,22,∞2), (31,28,18,∞3),
(13,24,11,∞4), (19,14,8,∞5), (26,12,29,∞6), (15,0,9,∞7), (2,21,20,∞8).
n = 9: (7,29,30,57), (32,9,3,47), (51,6,41,56), (49,45,15,8), (16,27,20,58),
(25,46,18,52), (4,17,63,0), (60,5,14,50), (21,39,42,59), (23,28,26,40),
(53,43,54,∞1), (31,2,33,∞2), (44,38,19,∞3), (61,36,48,∞4), (24,55,35,∞5),
(10,22,1,∞6), (34,37,12,∞7), (13,11,62,∞8). 
Lemma 3.9. There exists a 3PTWh-frame of type 155.
Proof. Let the player set be Z75, and let the hole set be {{j, j + 5, . . . , j + 70}: j = 0,1, . . . ,4}.
Below are the required base games.
(1,38,4,2), (3,57,74,41), (58,39,36,22).
Here, multiplying the above games mod 75 with 16i (0  i  4), we obtain an initial holey
round missing the hole {0,5, . . . ,70}. Developing this holey round by +1 mod 75 gives the
3PTWh-frame as required. 
Lemma 3.10. There exists a 3PTWh-frame of type 713.
Proof. Let the player set be Z91, and let the hole set be {{j, j +13, . . . , j +78}: j = 0,1, . . . ,6}.
Below are the required base games.
(36,1,71,89), (21,28,75,76), (8,12,83,3), (90,56,31,16),
(74,24,57,32), (23,40,30,60), (42,5,66,50).
Here, multiplying the above games mod 91 with 9i (0  i  2), we obtain an initial holey
round missing the hole {0,13, . . . ,78}. Developing this holey round by +1 mod 91 gives the
3PTWh-frame as required. 
Lemma 3.11. There exists a 3PITWh(16,4).
Proof. Let the player set be {1,2, . . . ,16}, the hole set be {1,2,3,4}, and the automorphism
group be generated by α = (1)(2)(3)(4)(5 6 7)(8 9 10)(11 12 13)(14 15 16). Below are the
required base games.
(5,2,10,8), (11,1,16,14), (12,3,15,13), (6,4,9,7),
(15,3,7,5), (9,1,11,10), (8,2,16,12), (13,4,6,14),
(16,2,6,15), (5,1,7,12), (10,3,8,14), (9,4,13,11),
(16,1,9,5), (6,3,11,8), (12,2,13,7), (15,4,14,10),
(15,5,11,9), (8,5,14,11), (12,5,9,14).
Here, the base games in each of the first 4 rows form an initial round, and the development of
each of the last three games (in the last row) forms a holey round missing the hole {1,2,3,4}. 
Lemma 3.12. There exists a 3PITWh(24,4).
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Below are the required base games.
(13,4,11,8), (7,2,10,6), (17,3,20,16), (23,1,21,18), (5,14,22,19), (12,9,15,24),
(12,4,10,23), (16,1,20,9), (24,2,5,11), (8,3,15,17), (21,7,13,19), (18,6,14,22),
(7,3,12,10), (17,2,22,20), (19,4,15,16), (23,8,24,11), (9,1,5,6), (18,13,21,14),
(8,2,19,15), (22,3,9,11), (16,4,24,7), (20,6,12,18), (10,1,14,23), (17,5,13,21),
(15,5,6,16), (10,5,20,15), (17,6,16,7).
Here, the base games in each of the first 4 rows form an initial round, and the development of
each of the last three games (in the last row) forms a holey round missing the hole {1,2,3,4}. 
4. Recursive constructions: The case v ≡ 1 (mod 4)
Lemma 4.1. If v ≡ 1 (mod 4), v /∈ {5,9,13,17} and v  137 or v ∈ {149,157}, then there exists
a Z-cyclic 3PTWh(v).
Proof. When v = 4n + 1 is a prime  29, construction methods can be found in [9]. Solutions
for the other cases can be found in Lemmas 3.1–3.4. 
In the remainder of this section, we shall provide recursive constructions for the remain-
ing values of v  141. Throughout the rest of this paper, we shall let V denote the set
{v: a 3PTWh(v) exists}.
Lemma 4.2. {141,145,153} ⊂ V .
Proof. For v = 141, we inflate a 3PTWh-frame of type 47 from Lemma 2.3 by 5 to first obtain
a frame of type 207. To this we adjoin one infinite point and use a 3PTWh(21) from Lemma 4.1
to fill in the holes.
For v = 145, starting from an HSOLSSOM(66) coming from Theorem 2.2 and applying The-
orem 2.1, we obtain a 3PTWh-frame of type 246. To this we adjoin one infinite point and use a
3PTWh(25) from Lemma 4.1 to fill in the holes.
For v = 153, the proof is similar to that of [2, Lemma 3.3]. In the 57 point design PG(2,7),
delete the 21 points on three lines l1, l2, l3 which do not all intersect at the same point. This gives
a (36, {5,6})-PBD. Now consider three collinear deleted points A,B,C with the property that
exactly one of them lies on each of l1, l2, l3; adding them all back gives a (39, {5,6,7,8})-PBD,
while adding two of them back and using the lines containing the other as groups gives a {5,6,7}-
GDD of type 716155. Next we give all points of this GDD weight 4 and apply Construction 2.5
and the results of Lemma 2.3 to produce a 3PTWh-frame of type 281241205. Now we have a
3PTWh(t) for t = 21,25,29, as guaranteed by Lemma 4.1. So we apply Construction 2.8 to
adjoin an infinite point and fill in the holes of the resulting 3PTWh-frame to obtain the desired
3PTWh(153). 
Lemma 4.3. If v ≡ 1 (mod 4) and 161 v  201, then a 3PTWh(v) exists.
Proof. For v = 173, take a TD(7,7) coming from Lemma 2.4 and delete 6 points from one block,
to obtain a {6,7}-GDD of type 6671. Applying Construction 2.5 to this GDD with weight 4, we
obtain a 3PTWh-frame of type 246281. Here, the input 3PTWh-frames of types 46 and 47 all
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So we apply Construction 2.8 to adjoin an infinite point and fill in the holes of the resulting
3PTWh-frame to obtain the desired 3PTWh(173).
For v = 177, in the 57 point design PG(2,7), delete 7 points on an oval. This gives a {6,7,8}-
GDD of type 6672. Furthermore, delete one group of size 6 from this GDD to obtain a {5,6,7,8}-
GDD of type 6572. Next we give all points of this GDD weight 4 and apply Construction 2.5
and the results of Lemma 2.3 to produce a 3PTWh-frame of type 245282. Finally, we apply
Construction 2.8 to adjoin an infinite point and fill in the holes of the resulting 3PTWh-frame to
obtain the desired 3PTWh(177).
For the other values of v, truncate 3 groups in a TD(8,7) to sizes ai ∈ {0,5,6,7}, 1 i  3, to
obtain a {5,6,7,8}-GDD of type 75a11a21a31. Apply Construction 2.5 with weight 4 to obtain a
3PTWh-frame of type 285(4a1)1(4a2)1(4a3)1. Then, we adjoin one infinite point to the resulting
3PTWh-frame and use 3PTWh(4t + 1) for t = 5,6,7 to fill in the holes. This produces the
desired designs. 
Before we deal with the 3PTWh(v)s not tackled previously, we need the following working
lemma, which depends on the existence of 3PTWh-frames of type 4n for n ∈ {5,6,7,8,9,10,
11,12,13} given in Lemma 2.3.
Lemma 4.4. Suppose m  5, 1  x  8 and a TD(5 + x,m) exists. Suppose also there exist
3PTWh(4t + 1) for t = m,a1, a2, a3, . . . , ax where ai = 0 or 5  ai m for 1  i  x. If v =
24m + 4(a1 + a2 + · · · + ax) + 1, then there exists a 3PTWh(v).
Proof. Truncate x groups in the TD(5+x,m) to sizes ai , 1 i  x, to obtain a {5,6, . . . ,5+x}-
GDD of type m5a11a21 · · ·ax1. Applying Construction 2.5 with weight 4, we then adjoin one
infinite point to the resulting 3PTWh-frame by using 3PTWh(4t + 1) for t = m,a1, . . . , ax
to fill in the holes. This produces the desired designs. Here, 3PTWh-frames of type 4n for
n ∈ {5,6, . . . ,5 + x} are needed as input designs; these all exist by Lemma 2.3. The proof is
complete. 
Lemma 4.5. If v ≡ 1 (mod 4) and 201 v  885, then v ∈ V .
Proof. Apply Lemma 4.4 with the values of m and x shown below, ai = 0 or 5  ai  m for
1 i  x. This gives v ∈ V , for v within the intervals given. Here we need 3PTWh(4n + 1) for
5 n 17 to fill in holes; these come from Lemma 4.1.
Range for v
[201,361]: m = 9, x = 5
[361,885]: m = 17, x = 8. 
Lemma 4.6. There exists a 3PTWh(v) for all v  741, where v ≡ 1 (mod 4).
Proof. Lemma 2.4 guarantees the existence of an (n + 1, {6,7,8,9})-PBD for all n  185.
By deleting one point from this PBD, we create a {6,7,8,9}-GDD of order n and of type
5u16u27u38u4 , where the exponents are non-negative integers not all equal to zero. Next we give
all points of this GDD weight 4 and apply Construction 2.5 and the results of Lemma 2.3 to
produce a 3PTWh-frame of order 4n and of type 20u124u228u332u4 . Now we have a 3PTWh(t)
for t = 21,25,29,33, as guaranteed by Lemma 4.1. So we apply Construction 2.8 to adjoin an
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for all the stated values of v  741, where v ≡ 1 (mod 4). 
Now, we are in a position to state the main result of this section.
Theorem 4.7. There exists a 3PTWh(v) for each v > 5 and v ≡ 1 (mod 4) except for v = 9,13
and possibly for v = 17.
Proof. The conclusion follows from the combination of Theorem 1.2, Lemmas 4.1–4.3 and
Lemmas 4.5–4.6. 
5. Recursive constructions: The case v ≡ 0 (mod 4)
In this section, we shall deal with the constructions of 3PTWh(v)s with v ≡ 0 (mod 4). We
start from the small orders of v.
Lemma 5.1. If v ≡ 0 (mod 4) and v ∈ [8,84]\{12}, then there exists a 3PTWh(v).
Proof. For v /∈ {64,72,76,80}, the required design comes from Lemma 3.6. For v = 76, start-
ing from a 3PTWh-frame of type 155 (see Lemma 3.9) and applying Construction 2.8 with a
3PTWh(16), we obtain the design as required.
For v = 64, starting from a 3PGDTWh of type 18 and applying Construction 2.7 with an
RTD(4,8) (see Lemma 2.4), we obtain a 3PGDTWh of type 88. Furthermore, taking this
3PGDTWh and applying Construction 2.6 with a 3PTWh(8), we obtain a 3PTWh(64), which
is the design as required.
For v = 72,80, the proof is similar to that of v = 64. Here, we take a 3PGDTWh of type 89
coming from Lemma 3.8 for v = 72, and a 3PGDTWh of type 45 coming from Lemma 3.7 for
v = 80, respectively. 
Lemma 5.2. There exists a 3PTWh(v) for each v ∈ {88,112,136}.
Proof. For each n ∈ {7,9,11}, starting from an HSOLSSOM(3n) (see Theorem 2.2) and ap-
plying Theorem 2.1, we obtain a 3PTWh-frame of type 12n. Furthermore, taking this frame
and applying Construction 2.9 with a 3PITWh(16,4) (see Lemma 3.11) and a 3PTWh(16) (see
Lemma 5.1) to fill in the holes, we obtain a 3PTWh(12n+4), which is the design as required. 
Lemma 5.3. There exists a 3PTWh(v) for each v ∈ {92,96,100,120,128,140,144}.
Proof. For v = 92, begin with a 3PTWh-frame of type 713 (see Lemma 3.10) and apply Con-
struction 2.8, incorporating a 3PTWh(8), to obtain the desired design.
For v = 128, starting from a 3PGDTWh of type 18 and applying Construction 2.7 with an
RTD(4,16) (see Lemma 2.4), we obtain a 3PGDTWh of type 168. Furthermore, taking this
3PGDTWh and applying Construction 2.6 with a 3PTWh(16), we obtain a 3PTWh(128), which
is the design as required.
For the other values of v, start with a 3PGDTWh of type 4n for n ∈ {5,6,7,9} (see
Lemma 3.7) and apply Construction 2.7 with an RTD(4,m) for m ∈ {4,5} (see Lemma 2.4),
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struction 2.6 with a 3PTWh(4m) coming from Lemma 5.1, we obtain a 3PTWh(4mn), which is
the design as required. We list the suitable parameters v,n,m below.
v = 96: n = 6, m = 4; v = 100: n = 5, m = 5; v = 120: n = 6, m = 5;
v = 140: n = 7, m = 5; v = 144: n = 9, m = 4. 
Lemma 5.4. If v ≡ 0 (mod 4) and v ∈ {104,108,116,124,132} ∪ [148,172], then there exists a
3PTWh(v).
Proof. For v = 132, the required design comes from Lemma 3.6. For v = 104, taking a TD(5,5)
coming from Lemma 2.4 and applying Construction 2.5 to this GDD with weight 4, we obtain
a 3PTWh-frame of type 205. Here, the input 3PTWh-frame of type 45 comes from Lemma 2.3.
Adjoining 4 infinite points and applying Construction 2.9 with a 3PITWh(24,4) coming from
Lemma 3.12 and a 3PTWh(24) to fill in holes, we obtain the design as required.
For v ∈ {108,116,124}, start from a TD(6,5) coming from Lemma 2.4 and truncate the last
group to 1 point, 3 points or 5 points, to obtain a {5,6}-GDD of type 5511, 5531 or 56. Applying
Construction 2.5 to this GDD with weight 4, we obtain a 3PTWh-frame of type 20541, 205121
or 206. Here, the input 3PTWh-frames of types 45 and 46 all come from Lemma 2.3. Adjoining
4 infinite points and applying Construction 2.9 with a 3PITWh(24,4) coming from Lemma 3.12
and a 3PTWh(h) for h = 8,16 or 24 to fill in holes, we obtain the designs as required.
For v = 152, start from a TD(7,7) coming from Lemma 2.4, select two blocks intersecting
at the last group and delete all other points of these two blocks except for the common one,
to obtain a {5,6,7}-GDD of type 5671. Applying Construction 2.5 to this GDD with weight 4,
we obtain a 3PTWh-frame of type 206281. Here, the input 3PTWh-frames of types 45, 46 and
47 all come from Lemma 2.3. Adjoining 4 infinite points and applying Construction 2.9 with a
3PITWh(24,4) (see Lemma 3.12) and a 3PTWh(32) (see Lemma 5.1) to fill in holes, we obtain
a 3PTWh(152) as required.
For v = 148 or v ∈ [156,172], start from a TD(6,7) coming from Lemma 2.4, delete one
point in the last group, adjoin one infinite point to the groups, and use the deleted point to rede-
fine the groups. This gives a {6,8}-GDD of type 5771. Applying Construction 2.5 to this GDD
with weight 0 or 4 to the points of the group of size 7 and weight 4 to the other points, we obtain
a 3PTWh-frame of type 207(4i)1 for i ∈ {1,3,4,5,6,7}. Here, the input 3PTWh-frames of types
45, 46, 47 and 48 all come from Lemma 2.3. Adjoining 4 infinite points and applying Construc-
tion 2.9 with a 3PITWh(24,4) (see Lemma 3.12) and a 3PTWh(4i + 4) for i ∈ {1,3,4,5,6,7}
(see Lemma 5.1) to fill in the holes, we obtain the designs as required. 
Lemma 5.5. If v ≡ 0 (mod 4) and v ∈ [176,200] ∪ [208,232] ∪ [240,264], then there exists a
3PTWh(v).
Proof. Begin with a 3PGDTWh of type 85 (see Lemma 3.8) and apply Construction 2.6 with a
3PTWh(8), to obtain a 3PITWh(40,8). For each admissible v∈ [176,200], take a TD(6,8) and
truncate the last group to x points with x ∈ [2,8], to obtain a {5,6}-GDD of type 85x1. Applying
Construction 2.5 to this GDD with weight 4, we obtain a 3PTWh-frame of type 325(4x)1. Here,
the input 3PTWh-frames of types 45 and 46 all come from Lemma 2.3. Adjoining 8 infinite points
and applying Construction 2.9 with the above 3PITWh(40,8) and a 3PTWh(x +8) coming from
Lemma 5.1 to fill in holes, we obtain the designs as required. Similarly, we can take a TD(7,8)
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and [240,264], respectively. 
Lemma 5.6. There exists a 3PTWh(v) for each v ∈ {204,236}.
Proof. For v = 204, inflate a 3PTWh-frame of type 410 coming from Lemma 2.3 by 5 to obtain
a 3PTWh-frame of type 2010. Adjoining 4 infinite points and applying Construction 2.9 with a
3PITWh(24,4) (see Lemma 3.12) and a 3PTWh(24) (see Lemma 5.1) to fill in holes, we obtain
the design as required.
For v = 236, take a TD(6,11) coming from Lemma 2.4, delete one point in the last group,
and use the deleted point to redefine the groups. This gives a {6,11}-GDD of type 511101. Ap-
plying Construction 2.5 to this GDD with weight 4 to all the points except for 7 points in the
group of size 10 getting weight 0, we obtain a 3PTWh-frame of type 2011121. Here, the input
3PTWh-frames of types 45, 46, 410 and 411 all come from Lemma 2.3. Adjoining 4 infinite points
and applying Construction 2.9 with a 3PITWh(24,4) (see Lemma 3.12) and a 3PTWh(16) (see
Lemma 5.1) to fill in holes, we obtain the design as required. 
Lemma 5.7. If v ≡ 0 (mod 4) and v ∈ [268,352], then there exists a 3PTWh(v).
Proof. Begin with an HSOLSSOM(35) (see Theorem 2.2) and apply Theorem 2.1 to obtain a
3PTWh-frame of type 125. Apply Construction 2.9 with this frame and a 3PITWh(16,4) coming
from Lemma 3.11, we obtain a 3PITWh(64,16). Furthermore, take a TD(6,12) or a TD(7,12)
(see Lemma 2.4) and truncate the last group to x points with x ∈ [0,12] to obtain a {5,6}-GDD of
type 125x1 or a {6,7}-GDD of type 126x1. Applying Construction 2.5 to this GDD with weight
4, adjoining 16 infinite points and applying Construction 2.9 with the above 3PITWh(64,16) and
a 3PTWh(x + 16) (see Lemma 5.1) to fill in holes, we obtain the designs as required. Here, the
input 3PTWh-frames of types 45, 46 and 47 all come from Lemma 2.3. 
Lemma 5.8. If v ≡ 0 (mod 4) and v ∈ [356,848], then there exists a 3PTWh(v).
Proof. Start from a 3PGDTWh of type 45 (see Lemma 3.7) and inflate it by 4 to obtain a
3PGDTWh of type 165. Applying Construction 2.6 to this 3PGDTWh with a 3PTWh(16), we
obtain a 3PITWh(80,16). Take a TD(13,16) and truncate the last 8 groups to xi points with
xi ∈ [0,16] for i ∈ {1,2, . . . ,8}, to obtain a {5,6, . . . ,13}-GDD of type 165(x1)1(x2)1 · · · (x8)1.
Applying Construction 2.5 to this GDD with weight 4, we obtain a 3PTWh-frame of type
645(4x1)1(4x2)1 · · · (4x8)1. Here, the input 3PTWh-frames of types 45,46, . . . ,413 all come
from Lemma 2.3. Adjoining 16 infinite points and applying Construction 2.9 with the above
3PITWh(80,16) and a 3PTWh(4xi + 16) for i ∈ {1,2, . . . ,8} to fill in holes, we obtain the de-
signs as required. 
Lemma 5.9. If v ≡ 0 (mod 4) and v ∈ [852,1056], then there exists a 3PTWh(v).
Proof. The proof is similar to that of Lemma 5.8. Here, we first start from a 3PGDTWh of type
45 and inflate it by 8 to obtain a 3PGDTWh of type 325, as well as a 3PITWh(160,32). Then, take
a TD(8,32) and truncate the last 3 groups to xi points with xi ∈ [0,32] for i ∈ {1,2,3} to obtain
a {5,6,7,8}-GDD of type 325(x1)1(x2)1(x3)1. Applying Construction 2.5 to this GDD with
weight 4, we obtain a 3PTWh-frame of type 1285(4x1)1(4x2)1(4x3)1. Here, the input 3PTWh-
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applying Construction 2.9 with the above 3PITWh(160,32) and a 3PTWh(4xi + 32) for i ∈
{1,2,3} to fill in holes, we obtain the designs as required. 
Lemma 5.10. There exists a 3PTWh(v) for each v  1060 and v ≡ 0 (mod 4).
Proof. Start from an HSOLSSOM(32m+1) with m 2 (see Theorem 2.2) and apply Theorem 2.1
to obtain a 3PTWh-frame of type 122m+1. Then, apply Construction 2.9 with this frame and
a 3PITWh(16,4) (see Lemma 3.11) to obtain a 3PITWh(24m + 16,4). Furthermore, take a
TD(7,6n + 3) with n  7 coming from Lemma 2.4 and truncate the last group to y points
with y ∈ {3,4,5,6,7,8} and the second last group to 6x + 3 points with x ∈ [2, n]. This gives
a {5,6,7}-GDD of type (6n + 3)5(6x + 3)1y1. Applying Construction 2.5 to this GDD with
weight 4, adjoining 4 infinite points and applying Construction 2.9 with a 3PITWh(24n+ 16,4),
a 3PITWh(24x + 16,4) and a 3PTWh(4y + 4) to fill in holes, we obtain a 3PTWh(v) with
v = (120n+ 60)+ (24x + 12)+ (4y + 4) ∈ [120n+ 136,144n+ 108]. It is not difficult to check
that the intervals [120n + 136,144n + 108] overlap when n runs over [7,∞). Hence, we have
all the designs as required. Here, the input 3PTWh-frames of types 45, 46 and 47 all come from
Lemma 2.3. 
Now, we are in a position to state the main result of this paper.
Theorem 5.11. The necessary conditions for existence of a 3PTWh(v), namely, v ≡ 0, 1 (mod 4)
and v  8, are also sufficient except for v = 9,12,13 and possibly for v = 17.
Proof. The conclusion follows from the combination of Theorem 1.2, Theorem 4.7 and Lem-
mas 5.1–5.10. 
6. Concluding remarks
In this paper, we extend the known result for the more than 100 years old problem on the exis-
tence of triplewhist tournaments TWh(v). We prove that the necessary conditions for existence of
a 3PTWh(v), namely, v  8 and v ≡ 0,1 (mod 4), are also sufficient except for v = 9,12,13 and
possibly for v = 17. Here, we would like to mention that the strategy of constructing a TWh(v)
with a prescribed automorphism group cannot succeed with TWh(17) since no 17-player triple-
whist tournament has nontrivial automorphisms (see [21]). To solve the single open case for the
existence of a 3PTWh(17), a possible approach is to first classify all the super-simple almost
resolvable BIBD(17,4,3), and then do all possible orientation within the blocks. This will be an
interesting work to do.
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The following base games form an initial round of a Z-cyclic 3PTWh(v) for each v listed in
Lemma 3.1.
v = 25: (11,9,18,6), (13,7,24,16), (12,23,17,8), (19,22,21,1), (4,3,5,15),
(20,2,14,10).
v = 33: (11,14,5,7), (6,27,19,24), (17,9,22,18), (31,16,30,8), (25,26,10,4),
(15,2,29,12), (1,20,13,3), (21,28,23,32).
v = 45: (11,33,29,43), (28,39,21,3), (15,32,9,10), (26,23,22,7), (13,20,27,19),
(38,2,17,36), (44,42,25,30), (12,24,14,4), (1,5,41,35), (40,8,37,16),
(6,31,34,18).
v = 57: (16,8,11,56), (4,44,40,43), (12,26,28,34), (33,10,48,24), (50,25,31,27),
(47,17,30,14), (42,51,52,6), (35,36,5,23), (22,9,46,15), (38,45,20,49),
(32,53,1,3), (41,21,13,55), (2,7,37,18), (54,19,29,39).
v = 65: (24,4,57,31), (42,2,59,22), (43,48,61,32), (40,56,28,21), (51,47,15,7),
(33,50,54,60), (10,13,8,27), (17,6,41,19), (63,25,64,29), (35,58,16,49),
(26,5,20,44), (18,3,46,34), (52,62,37,55), (14,45,9,23), (38,36,30,39),
(53,1,11,12).
v = 69: (62,4,32,8), (22,12,3,44), (11,25,13,28), (66,50,15,37), (43,38,34,33),
(67,59,29,42), (10,54,18,68), (48,21,27,45), (65,39,23,46), (14,20,2,40),
(51,30,57,53), (7,9,47,56), (41,1,6,55), (58,61,5,35), (60,26,19,36),
(16,49,17,24), (31,63,64,52).
v = 77: (73,69,14,19), (68,52,58,40), (33,5,1,16), (20,41,21,4), (23,9,38,2),
(18,25,13,59), (28,63,54,10), (27,72,6,3), (11,34,8,56), (65,57,32,51),
(36,30,67,55), (43,53,26,76), (22,60,61,24), (75,74,66,44), (15,49,64,62),
(17,47,37,12), (7,31,70,50), (39,48,35,46), (29,42,45,71).
v = 81: (29,4,63,31), (36,8,47,11), (12,28,72,52), (15,32,46,80), (56,62,58,37),
(53,26,75,61), (3,13,65,41), (60,2,22,10), (77,34,40,66), (49,57,33,42),
(9,20,5,27), (23,64,17,59), (70,69,1,6), (39,43,78,30), (14,45,50,35),
(76,79,67,21), (24,68,38,51), (71,19,16,18), (55,48,25,7), (73,54,44,74).
v = 85: (18,82,67,41), (84,1,42,48), (20,57,39,47), (75,80,24,25), (58,38,26,45),
(23,68,60,3), (40,50,28,79), (65,21,78,56), (81,77,29,17), (32,49,53,64),
(43,16,71,10), (52,6,66,14), (54,51,70,55), (62,19,61,8), (37,73,63,34),
(36,11,9,2), (72,22,27,4), (74,83,69,15), (33,46,30,44), (13,31,76,7),
(35,5,12,59).
v = 93: (42,62,3,13), (53,34,91,20), (33,54,31,38), (6,66,10,85), (68,16,40,23),
(25,64,43,69), (8,7,60,83), (50,26,77,82), (57,49,22,72), (58,44,37,41),
(67,79,87,71), (45,32,51,2), (52,18,19,61), (21,89,12,76), (84,46,74,17),
(88,1,48,63), (80,35,65,92), (15,78,47,56), (14,70,59,24), (81,28,30,27),
(75,73,86,4), (90,29,9,55), (39,11,5,36).
v = 105: (98,32,5,90), (15,23,86,67), (2,102,66,37), (87,27,34,47), (35,76,28,65),
(48,80,61,95), (11,36,41,99), (6,44,22,7), (74,56,70,92), (75,40,49,59),
(33,3,64,13), (42,68,91,9), (85,84,46,89), (62,53,29,101), (100,45,24,10),
(19,55,57,73), (20,17,43,31), (26,104,58,1), (16,81,78,4), (52,96,51,93),
(71,50,79,77), (8,12,25,18), (72,83,21,38), (60,14,69,97), (103,54,82,30),
(39,63,94,88).
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(94,101,10,97), (36,53,74,29), (96,27,84,28), (55,73,3,78),
(2,88,4,41), (64,48,89,108), (63,113,14,91), (5,38,24,1),
(13,34,114,19), (100,42,58,7), (25,116,71,30), (46,56,57,112),
(40,103,6,76), (69,81,92,60), (15,54,102,37), (52,77,115,86),
(109,110,83,107), (59,31,39,44), (43,9,49,62), (72,99,82,85),
(104,90,35,50), (21,65,95,106), (16,98,45,47), (32,111,68,22),
(12,80,51,87).
v = 125: (78,40,73,58), (106,48,20,4), (114,23,60,32), (99,56,113,53),
(49,95,43,107), (62,118,7,80), (14,68,46,91), (94,124,64,105),
(13,35,89,103), (37,120,122,54), (39,3,116,77), (115,22,98,110),
(79,1,10,29), (121,119,74,57), (36,5,21,30), (86,16,52,47),
(50,71,92,81), (9,8,38,28), (6,59,85,72), (111,82,27,108),
(90,65,18,66), (55,117,34,84), (69,102,33,109), (104,112,61,96),
(100,63,76,2), (51,31,24,83), (70,88,25,123), (87,93,12,97),
(19,26,11,15), (45,42,67,44), (75,101,17,41).
Appendix B
The following base games form an initial round of a Z-cyclic 3PTWh(v) for each v listed in
Lemma 3.6.
v = 16: (4,8,12,2), (9,1,6,3), (14,5,13,0), (11,10,7,∞).
v = 20: (13,5,3,6), (14,8,7,11), (9,2,17,0), (10,1,15,16), (18,4,12,∞).
v = 24: (11,0,1,3), (13,8,20,6), (10,7,4,19), (9,16,14,15), (21,17,12,2),
(22,5,18,∞).
v = 28: (22,15,1,11), (10,18,13,17), (5,14,20,6), (25,23,8,7), (9,12,4,19),
(26,21,24,3), (16,0,2,∞).
v = 32: (1,22,2,30), (16,8,26,15), (3,29,20,27), (19,4,14,23), (21,7,12,18),
(6,10,24,25), (5,17,9,11), (0,13,28,∞).
v = 36: (14,6,26,30), (8,20,13,34), (24,25,33,27), (5,15,1,23), (12,10,22,7),
(11,16,17,0), (4,28,32,29), (18,9,3,31), (2,21,19,∞).
v = 40: (3,16,8,25), (32,28,15,35), (9,27,17,23), (13,29,2,31), (30,19,24,0),
(21,22,33,6), (18,20,4,38), (1,10,14,7), (36,5,37,34), (26,12,11,∞).
v = 44: (40,7,33,41), (25,5,13,19), (30,32,36,2), (10,28,12,31), (16,38,6,11),
(34,27,29,3), (42,39,20,24), (26,37,1,17), (15,14,4,18), (35,22,9,21),
(8,23,0,∞).
v = 48: (30,42,33,15), (29,8,14,31), (16,44,21,26), (28,39,3,11), (40,27,46,43),
(12,32,10,19), (9,2,20,35), (24,22,17,23), (4,37,25,0), (18,34,1,38),
(6,7,41,45), (13,36,5,∞).
v = 52: (50,15,28,43), (44,33,12,34), (5,3,17,29), (25,11,8,21), (1,32,37,46),
(30,35,10,31), (20,38,27,0), (36,42,9,2), (7,4,40,39), (49,41,19,47),
(22,48,13,45), (6,23,14,18), (26,16,24,∞).
v = 56: (15,44,30,35), (13,16,17,51), (19,36,49,47), (21,12,52,10), (8,7,29,33),
(40,54,50,31), (4,14,37,2), (48,20,32,38), (18,43,24,42), (5,28,22,0),
(45,6,3,11), (46,53,27,39), (41,26,34,23), (1,25,9,∞).
v = 60: (34,30,40,5), (24,42,50,3), (23,32,4,55), (12,52,58,47), (48,20,1,2),
(21,44,10,35), (22,19,8,18), (46,41,56,13), (49,7,25,51), (37,17,29,0),
(27,14,11,43), (6,28,33,26), (31,16,9,54), (39,45,36,38), (53,15,57,∞).
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(51,10,40,39), (32,4,60,14), (21,34,61,26), (22,36,35,55), (16,66,19,23),
(3,62,64,41), (5,50,56,49), (46,43,28,38), (59,29,25,27), (8,33,20,11),
(63,44,13,53), (52,9,37,∞).
v = 84: (48,54,57,43), (65,19,58,31), (59,15,77,73), (44,39,76,36), (72,1,71,68),
(70,63,28,46), (0,17,64,9), (16,35,20,81), (52,3,30,50), (18,33,23,12),
(32,55,80,49), (10,51,67,41), (75,25,26,56), (7,45,22,47), (66,74,11,21),
(61,37,5,4), (29,42,53,82), (6,27,60,13), (34,2,14,62), (78,69,8,24),
(40,38,79,∞).
v = 132: (118,54,41,61), (10,89,63,9), (17,14,73,111), (21,19,3,108),
(123,26,80,59), (51,39,20,60), (112,69,86,119), (0,4,87,40),
(102,37,125,13), (68,50,113,62), (11,6,101,66), (44,74,64,71),
(8,24,122,32), (72,2,81,103), (7,129,47,53), (93,48,98,23),
(114,25,128,82), (67,95,56,29), (76,45,92,84), (121,97,83,96),
(33,18,115,55), (49,99,30,31), (52,38,58,117), (12,85,70,15),
(91,42,120,46), (124,107,109,22), (28,57,1,79), (94,130,126,34),
(90,65,88,78), (16,110,75,27), (100,77,36,105), (43,106,127,116),
(104,5,35,∞).
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